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THONG TIN KET QUA NGHIEN CcUU
DE TAI KHOA HOC VA CONG NGHE CAP DAI HOC HUE

1. Thong tin chung:

1.1. Tén dé tai: Phép nhing compact va cac toan tit vi phan bat bién
ciia khong gian d6i xing nita don.

1.2. M@ s6: DHH2017 03-99

1.3. Chi nhiém dé tai: PGS.TS. Tran Dao Dong.

1.4. Co quan chi tri: Truong Dai hoc Su pham, Dai hoc Hué.

1.5. Thoi gian thuc hién: 01/2017 dén 12/2018.
2. Muc tiéu:

Muc tiéu ctia dé tai 1a xay dung mot phép nhting compact cho cac khong
gian d6i xing nita don thuoc loai Riemann va xac dinh dai sd cic toan ti vi

phan bat bién trén khong gian compact vita xay dung; khdo sat cdc md rong
ciia dinh 1y RBerRRNEr S8 hnoneee i i hen thong va khio sat dai sb vi
phan Kéhler cho cac luge do chiéu khong trong khong gian xa dnh n-chiéu.

3. Tinh méi va tinh sang tao:

Céc noi dung nghién citu ciia dé tai gép phan phat trién cac két qua da dat
dugc vé su thé hién clia cac khong gian dbi xing trong khong gian compact,
phép dung cic toan tit vi phan bat bién trén khong gian compact héa tuong
tng, mdi lien hé gitta dinh 1y 16i Kostant v6i hinh hoc symplectic va cac quy
dao ddi lien hop, cau tric ctia dai s6 cic dang vi phan Kahler déi véi cac luge
do chiéu khong trong khong gian xa anh n-chiéu.

4. Cac két qua nghién citu thu dudc:

- Xay duyng mot phép nhiing compact cho cic khong gian déi xting nita don

thuoc loai Riemann va xac dinh dai s6 cac toan ti vi phan bat bién trén khong

gian compact via xay dung.

- Khdo sat mé rong ctia dinh 1y 16i Kostant cho nhém Lie compact lién



thong theo quan diém ctia hinh hoc symplectic va cac qui dao déi lien hop.

- Khéo sat cac tinh chat cia dai s6 cac dang vi phan Kahler déi vé6i cac
luge do chieu khong trong khong gian xa anh n-chiéu.
5. Cac san pham cta dé tai:
5.1. Sén pham nghién ciu:
- 01 bai bao trong nudc: HU J. of Natural Science, 2018, Vol 127, No 1A, 55-65.
Teén bai bao: A compact imbedding of Riemannian symmetric spaces.
Tac gia: Tran Dao Dong.
- 01 bai bao qubc té: Journal Algebra, 2018, Vol 501, 255-284.
Tén bai bao: Kahler differential algebras for 0-dimensional schemes.

Tac gia: Martin Kreuzer, Tran Nguyen Khanh Linh, Le Ngoc Long.
5.2. Sdan pham dao tao:
Dé tai duge phat trién trong 02 luan van Thac si da bao vé thanh cong.
- Hoc vién: Tran Cong Nghia
Ten deé tai: @BnhdeoErdiem hopeaies nivs Eora cau tric symplectic.
- Hoc vién: Lé Nguyén Khanh Trang
Ten dé tai: Vé dinh 1y 16i Kostant va thé hién trén qui dao déi lien hgp.
6. Cac déng goép, kha niang dng dung va phuong thic chuyén giao két
qua nghién ctru:
Két qua nghién ctu clia dé tai c6 thé phéat trién thanh bai giang chuyéen
dé cao hoc va tai lieu tham khao cho cac chuyén nganh Dai s6-Ly thuyét s6 va

Hinh hoc-Topo.
Ngay thang  nam
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(kyj, ho va tén, déng dau) (kyg, ho va tén)

Tran Dao Déng



INFORMATION ON STUDY RESULTS
RESEARCH PROJECT ASSIGNED BY HUE UNIVERSITY

1. General information of project:

1.1. Project title: A compact imbedding and invariant differential oper-

ators of semi simple symmetric spaces.

1.2. Project code: DHH2017 03-99

1.3. Coordinator: Prof. Dr. Tran Dao Dong.

1.4. Implementing institution: HU-University of Education.

1.5. Implementing duration: January 01, 2017 to December 31, 2018.
2. Study objective(s):

The aim of the project is to construct a compact imbedding of Riemannian
symmetric spaces and consider the system of invariant differential operators on
h : Fieation: lizati f the K ,
the Correspobdeln OCQ}%P&SL@IJE nlc_a %Ifeétt“% fswenera 1zation of the Kostant’s
nonlinear converxity theorem for connected semi simple Lie groups and the

Kahler differential algebras for O-dimensional schemes in a projective n-space.
3. Novelty and creativeness of the study:

The results of the project on constructing a compact imbedding of Rieman-
nian symmetric spaces and the system of invariant differential operators on the
corresponding compactification and studying the Kahler differential algebras for

0-dimensional schemes in a projective n-space are creative and scientific.
4. Main study results:

- Constructed a compact imbedding of Riemannian symmetric spaces and
showed that the system of invariant differential operators on them can extend

analytically on the corresponding compactification;

- Studied some generalization of the Kostant’s nonlinear converxity theorem

for connected semi simple Lie groups;



- Studied the Kahler differential algebras for 0-dimensional schemes in a

projective n-space.
5. Project outputs:

5.1. Publications: Study results of the Project have published in two
following papers.
- HU J. of Natural Science, 2018, Vol 127, No 1A, 55-65.
Name of paper: A compact imbedding of Riemannian symmetric spaces.
Author: Tran Dao Dong.
- Journal Algebra, 2018, Vol 501, 255-284.
Name of paper: Kahler differential algebras for 0-dimensional schemes.

Authors: Martin Kreuzer, Tran Nguyen Khanh Linh, Le Ngoc Long.

5.2. Training and education: There were two Master Thesis carried out
following this study approach and both of them were successfully defended.
- Master student: Tran Cong Nghia.
Thesis title: Coadjoint orbits of Lie groups and their symplectic structure.
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- Master student: Le Nguyen Khanh Trang.

Thesis title: On Kostant’s theorem and their realization on coadjoint orbits.

6. Contributions, application possibility and ways of transfer of study

results:

Study results of the Project can be transferred for the post-graduate stud-
ies, especially for the training of the Algebra-Number Theory subject and the
Geomery-Topology subject.

Date:
Implementation institution Project coordinator
(sign and seal) (sign and full name)

Tran Dao Dong



A. TONG QUAN VE VAN DE NGHIEN CcUU

Nghién cttu cau tric va su thé hién ciia cac khong gian déi xting nita don trong
khong gian compact 1& mot trong cac bai toan co ban ciia Ly thuyét Lie. Nhiéu
két qua tieu biéu trong linh viuc nay dude trinh bay trong cac cong trinh ctia A.
Borel, J. Sekiguchi, T. Oshima, N. Shimeno, Lizhen Ji,... da gép phan lam sang
t& cau tric ctia cac 16p khong gian dbi xiing cu thé va su thé hién clia ching
trong cac khong gian compact, tit d6 ing dung dé khéo sat dai sd cac toan ti
vi phan bat bién trén khong gian compact vita xay dung cam sinh tir dai s6 cac
toan tit vi phan bat bién trén khong gian d6i xitng ban dau.

Mot chit dé quan trong khac lien quan dén hinh hoc symplectic va khong
gian ddi xting 1 thé hien cac dinh 1y 16i ctia Kostant cho cdc nhém Lie nita don
lien thong theo quan diém ctia hinh hoc symplectic va phat trién cac két qua
nay cho truong hgp khong gian déi xitng nita don. Nhieu két qua tha vi da dude
the hien trOﬁecr%coc%negé éﬁf(l)nrlll pléaepeclt(%écﬁné,d\f%F Atiyah, V. Guillemin va S.
Sternberg, E.P. Van den Ban,... lien quan dén chtt dé nay. Cho dén nay, bai toan
compact hoa cac khong gian d6i xitng nita don va cac chii dé lién quan trong 1y
thuyét Lie vAn dang dudc quan tam nghién ctu va c6 nhiéu huéng phét trién
mao rong.

Bén canh d6, viec mo ta cidc dang vi phan Kahler va khdo sat cau tric
modun ciia cac dang vi phan Kahler 1a mot trong cac chii dé lién quan cé nhiéu
ing dung trong hinh hoc dai s6 va dai s6 may tinh. Nhiéu ting dung quan trong
ctia vi phan Kahler da dugc nghién citu va thé hién trong cac cong trinh ciia
E. Kunz, R. Waldi, L. G. Roberts, and J. Johnson. Dac biét, vao nam 1955, P.
Catier da dé xuat mot phuong phap tiép can khac dé mo ta cac dai sé vi phan
Kahler theo ngon ngit dai s6 phan bac va cac ham Hilbert tuong ting. Tiép do,
trong [KLL], M. Kreuzer, N. K. L. Tran va N. L. Le da chi ra ring c6 thé tinh
ham Hilbert cia médun cac 1-dang vi phan Kahler dya vao cac ham Hilbert

ctia hai luge do diém béo trong khong gian xa anh n-chiéu. Hon nita, tit két



qua trén c6 thé tng dung dé xac dinh cac da thic Hilbert clia cdc modun nay.
Nhiéu cau héi thi vi lien quan dén noi dung trén dang duge dat ra va c6 nhiéu

huéng phét trién, tng dung trong hinh hoc dai sé.

Trong hinh hoc xa anh, cac khong gian xa anh thuc hoac phiic n-chiéu déng
mot vai tro quan trong va c¢6 moéi lien hé mat thiét véi mot sé linh vye lien quan
nhu hinh hoc vi phan, khong gian déi xtng, dai s6 giao hoan, hinh hoc dai
s6,...D6i véi khong gian xa anh thuc n—chiéu RP", thong qua tac dong dang cu
ctia nhom tric giao dac biet SO(n + 1) c¢6 thé dong nhat RP" véi khong gian
ddi xting nita don thuoc loai compact SO(n + 1)/SO(n). Tuong ty, khong gian
xa anh phitc CP" dugc xét nhu 14 mot khong gian ddi xing cam sinh tit metric
"Fubini-Study", mot metric Kahler xac dinh béi cau tric chinh hinh ctia da tap
phitc CP". Hon nita, qua tic dong dang cy ciia nhom unita dic biet SU(n + 1)
c6 thé dong nhat CP" véi khong gian déi xtng nita don thudc loai compact
SU(n+1)/S(U(n) x U(1).

D&i v6i bai toan nghién cttu cau tric va su thé hién ctia khong gian doéi
xiing nua dd%e)@zoé/ ﬁ%sti}?u%é %S"f %te'rﬁgrﬁnst[%cl)%g khong gian compact, véi G
la mot nhém Lie nita don, thuc, lién thong c6 tam hitu han va K la nhém con
compact cyc dai clia G xac dinh bdi phép doéi hop Cartan 6, trude hét chung ta
can compact héa thanh phan vector A trong phan tich Cartan ctia nhém Lie G
= KAK, tiic la xay dung mot khong gian compact sao cho trén dé trang bi mot
cau tric da tap giai tich thic, mé rong ctia thanh phan vector A.

V6i mdi a € Ac va a € ¥ ta dinh nghia a® = e¥9% ¢ C* = C \ {0} va xét
tap hgp con

Ar={a€Ac|a* € R, Va € ¥ },
véi ¥ 1a mot hé can nghiém cho trude tuong ting véi dai s6 Lie g clia G. Goi
(C*)* 1a tap hop cac bo sb phitc z = (25)gex, voi 25 € C*. Khi d6 ta xac dinh
dugce anh xa
p:Ac — (C)%, ar p(a) = (a%)aes:

Trong [DV1], dua trén phép nhing tu nhién ctia (C*) trong (CIP')¥, véi CIP!



13 khong gian xa anh phiic 1-chiéu, ching toi da xay dung mot phép nhing ctia
AR vao trong mot da tap giai tich thuc compact Ag, véi Ap duge dinh nghia
la bao déng ciia ¢(AR) trong (IRIP')>.

Tiép do6, dua vao tac dong ciia nhém Weyl cdm sinh 1én khong gian compact
ﬁ]R, ching t6i da xay dung mot da tap giai tich thuc compact X sao cho khong
gian d6i xting X = G/K dugc thé hién nhu 13 mot tap con mé trong XwG
tac dong mot cach giai tich len da tap compact nay. Cau tric gidi tich thuec
tren X duge xay dung dya vao cau tric gidi tich thue da duge xac dinh trén
compact hoa ﬁ]R va mot s6 ki thuat tinh toan dude van dung tit phép dung ciia
T. Oshima [Oshil] cho cac khong gian ddi xting nita don thudc loai Riemann.
Phép dung nay ciing dude mé rong cho truong hop khong gian déi xiing niia
don X = G/H, v6i H 1a mot nhém con déng ctia G théa man G7 C H C G7,
trong d6 G la tap hop cac diém cd dinh ctia phép déi hop o cho trude cia G
va G7 1a thanh phan lien thong ctia don vi [DV2].

Bén canh do6, bai toan xac dinh chi s6 chinh quy ctia tap cac diém béo
trong khong [g)iearlpga\eluel[lsvg r%a'i %O%!I? %Gagfcgu[)t%fm clia dai s6 cac dang vi phan
Kahler déi véi cac luge do 0-chiéu trong khong gian xa anh n-chiéu 1a cac bai
toan mang tinh thoi sy va c6 ¥ nghia trong dai s6 giao hoan, dang dude nhiéu
nha toadn hoc trong va ngoai nudce gidi quyét cho mot s6 trudng hop cu theé.

DAéi v6i bai toan mo ta cac dang vi phan Kahler va khao sat cau tric modun
ctia cac dang vi phan Kéhler, trén co s cac két qua thé hien trong cong trinh
[KLL] ctia M. Kreuzer, N. K. L. Tran, N. L. Le, ching toi tiép tuc khéo sat
cac tinh chat clia dai s6 cac dang vi phan Kahler déi véi cac luge do 0-chiéu
trong khong gian xa anh n-chieu. Qua viéc nghién cttu nay, mot sé6 két qua thé
hién mot trong luan an tién si ciia TS. Tran Nguyén Khanh Linh (bdo vé nam
2015), thanh vién dé tai, c6 thé duge phat trién, mé rong thém nhiéu tinh chat
c6 ¥ nghia ciia dai s6 cac dang vi phan Kahler ddi véi cac luge do 0-chiéu trong

khong gian xa anh n-chiéu.

V6i mong muén dudc tiép tuc phét trién cac két qua da dat duge vé sy thé



hién ctia khong gian ddi xiing trong khong gian compact va cac tinh chat cla
dai s6 vi phan Kahler trong khong gian xa anh n- chiéu nhu da trinh bay & trén,
chiing toi chon dé tai "Phép nhiing compact va cdc todn tii vi phan bat bién cia
khong gian doi xing niéa don" dé trien khai nghién cttu trong dé tai cap Dai
hoc Hué ctia minh.

Muc tiéu ctia dé tai 1a xay dung mot phép nhting compact cho cac khong
gian d6i xting nita don thuoc loai Riemann va xac dinh dai sd cic toan ti vi
phan bat bién trén khong gian compact héa vita xay dung; khdo sat cac md
rong ctia dinh 1y 16i Kostant cho nhém Lie nita don lién thong va khao sat dai
s6 cac dang vi phan Kahler cho cac luge do chiéu khong trong khong gian xa
anh n-chiéu.

Céc noi dung nghién ctu cu thé ctia dé tai bao gom:

- Xay dyng mot phép nhiing compact cho ciac khong gian déi xitng nita don
thuoc loai Riemann va xac dinh dai s6 cac toan tit vi phan bat bién trén khong

gian compact via xay dung.
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- Khao sat md rong ciia dinh 1y 161 Kostant khong tuyén tinh cho nhém Lie
nita don lién thong theo quan diém ctia hinh hoc symplectic va thé hién trén

cac quy dao lien hop, déi lien hop; cac qui dao trong khong gian compact hoa.
- Khéo sat céc tinh chat ciia dai s6 cac dang vi phan Kahler ddi véi cac
luge do chieu khong trong khong gian xa anh n-chiéu.
Vé cau tric, noi dung nghién citu va két qua ctia dé tai duge trinh bay trong

hai chuong:

Chuong 1 trinh bay cic két qua clia dé tai liéen quan dén viec xay dyng mot
phép nhiing compact cho cac khong gian d6i xiing nita don thuoc loai Riemann
va xac dinh dai s6 cac toan tit vi phan bat bién trén khong gian compact vita
xay dung; khdo sat cdc md rong ciia dinh 1y 16i Kostant cho nhém Lie nitia don
lien thong theo quan diém ctia hinh hoc symplectic va thé hién trén cac quy

dao liéen hgp, déi lien hgp, cac qui dao mé ctia khong gian compact hoa.
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Chuong 2 trinh bay cac két qua clia dé tai lien quan dén viec kho sat cac
tinh chat ctia dai s6 cac dang vi phan Kahler ddi v6i cac luge do chiéu khong
trong khong gian xa anh n-chiéu, bao gom viéc khao sat modun vi phan Kahler
m-dang QF ., xdc dinh ham Hilbert ctia Q. déi véi tap cac diem béo W
va da thic Hilbert cta Q%@K d6i véi luge dd cac diem béo W, luge do céac
diém béo c6 gid nam trén dusng cong bac hai tron va dai sé vi phan Kahler clia
Rx/Klxo).

Msic dit nhém dé tai da c6 nhiéu ¢6 gang nhung viéc trinh bay cac két qua
nghién citu kho tranh khoi nhiing sai s6t. Rat mong nhan dugc nhitng ¥ kién
déng gép ctia quy dong nghiép va cac ban dé cac két qua nghién citu ciia dé tai

duge hoan thién hon./.
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B. CAC KET QUA CUA DE TAI

Noi dung nghién ciu va két qud cia dé tai duge trinh bay trong hai chuong:

Chuong 1 trinh bay cdc két qud cia dé tai lién quan dén viéc zday dung mot
phép nhiing compact cho cac khong gian doi zing nia don thuoc logi Riemann
va zdc dinh dai 50 cdc todn tik vi phan bat bién trén khong gian compact héa vita
zdy dung; khdo sdt md rong cia dinh ly loi Kostant cho nhém Lie nia don lién
thong theo quan diém cia hinh hoc symplectic va thé hién trén cdic qui dao lién

hop, doi lien hop; cdc quij dao md cia khong gian compact héa.

Chuong 2 trinh bay cdc két qud cia dé tai lien quan dén viéc khdo sdt cdc
tinh chat cua dai s6 cdac dang vi phan Kdler doi vdi cdc luge do chiéu khong trong
khong gian za dnh n-chiéu thé hién qua viéc khdao sat modun vi phan Kahler m-
dang QgX/K, xac dinh ham Hilbert cia Q%W/K doi vdi tap cdc diém béo W va da
thic Hilbert D@rﬁ&y@rdﬁg ndi Biotedd . @idfdsmikbéo W, lude do cic diém béo cé

gid nam trén duong cong bac hai tron va dai s6 vi phan Kdihler cia Ry /K [xo).
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